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a b s t r a c t
Let G = (V , E) be a graph and let g and f be two integer-valued
functions defined on V such that n ≤ g(x) ≤ f (x) for every
x ∈ V . Let H1,H2, . . . ,Hn be vertex-disjoint subgraphs of G with
|E(Hi)| = k (1 ≤ i ≤ n). In this paper, we prove that every
(mg + k,mf − k)-graph G contains a subgraph R such that R has
a (g, f )-factorization orthogonal to Hi (1 ≤ i ≤ n), where m and k
are positive integers with 1 ≤ k < m. We also prove that there are
polynomial-time algorithms for finding the desired subgraph R.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Many real-world networks can be modeled by graphs or networks. An important example of such
a network is a communication network with nodes and links modeling cities and communication
channels, respectively. Other examples include a railroad network with nodes and links representing
railroad stations and railways between two stations, respectively, or the world wide web with nodes
representing web pages, and links corresponding to hyperlinks between web pages. Orthogonal
factorizations in networks are very useful in combinatorial design, network design, circuit layout, and
so on [1], and attract a great deal of attention [4,7–11,13]. All graphs considered in this paper are finite,
simple, and undirected. For a general reference on graph theory, the reader is directed to [3,12].
Let G = (V , E) be a graph. Let g and f be two non-negative integer-valued functions such that
g(x) ≤ f (x) for every x ∈ V . A graph G is called a (g, f )-graph if g(x) ≤ dG(x) ≤ f (x) for every
x ∈ V . A spanning subgraph F of G is called a (g, f )-factor of G if F itself is a (g, f )-graph. A (g, f )-
factorization F = {F1, . . . , Fm} of G is a partition of E into edge-disjoint (g, f )-factors F1, . . . , Fm. Let
H be a subgraph of G with m edges. A factorization F = {F1, . . . , Fm} of G is called orthogonal to H if
|E(Fi) ∩ E(H)| = 1 for i = 1, . . . ,m.
Alspach et al. [1] posed the following problem: Given a subgraph H of G, does there exist a
factorization F of G with a given property orthogonal to H?
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Orthogonal (g, f )-factorization of an (mg + m − 1,mf − m + 1)-graph has been studied in, for
instance, [7–10]. Yan et al. [13] initiated the study of the existence of a subgraph with orthogonal
(g, f )-factorization, and posed the following conjecture.
Conjecture 1. Let G be an (mg + k,mf − k)-graph, and H be a subgraph of G with k edges, where
1 ≤ k < m and 0 ≤ g(x) ≤ f (x) for every x ∈ V . Then there exists a subgraph R of G such that R has a
(g, f )-factorization orthogonal to H.
It was proved by Li et al. in [11] that Conjecture 1 is true. In the present paper we consider a more
general problem: Given vertex-disjoint subgraphs H1,H2, . . . ,Hn of G, does there exist a subgraph R of
G such that R has a (g, f )-factorization orthogonal to every Hi (i = 1, 2, . . . , n)?
We will answer this question, under certain assumptions, in Section 3. At the end of this paper we
shall conjecture, however, that the same results hold under somewhat weaker assumptions. We will
use various techniques from [7,10].
2. Lemmas
Let G = (V , E) be a graph. For S ⊆ V and A ⊆ E, we denote by G − S and G − A the subgraphs
induced by V − S and E − A, respectively. For any function f defined on V and S ⊆ V , we write f (S)
for
∑
x∈S f (x) and f (∅) = 0. For two disjoint subsets S and T of V , E(S, T ) denotes the set of edges in
Gwith one end in S and the other in T , and e(S, T ) = |E(S, T )|. Let
U = V − (S ∪ T ), E(S) = {xy ∈ E : x, y ∈ S}
and
E(T ) = {xy ∈ E : x, y ∈ T }.
Write
E ′1 = E1 ∩ E(S), E ′′1 = E1 ∩ E(S,U),
E ′2 = E2 ∩ E(T ), E ′′2 = E2 ∩ E(T ,U),
α(S, T ; E1, E2) = 2|E ′1| + |E ′′1 |,
β(S, T ; E1, E2) = 2|E ′2| + |E ′′2 |,
and
∆(S, T ; E1, E2) = α(S, T ; E1, E2)+ β(S, T ; E1, E2).
If there is no ambiguity, we often write α, β and ∆ for α(S, T ; E1, E2), β(S, T ; E1, E2) and
∆(S, T ; E1, E2), respectively.
The following lemma, whose proof can be found in [7,10,11], is useful for proving our main
theorem.
Lemma 2 ([7,10,11]). Let G be a graph, and let g and f be two integer-valued functions defined on V such
that 0 ≤ g(x) < f (x) ≤ dG(x) for every x ∈ V . Let E1 and E2 be two disjoint subsets of E. Then G has a
(g, f )-factor F such that E1 ⊆ E(F) and E2 ∩ E(F) = ∅ if and only if for any two disjoint subsets S and T
of vertices,
δG(S, T ; g, f ) = dG−S(T )− g(T )+ f (S) ≥ ∆(S, T ; E1, E2).
In the following, we assume that G is an (mg + k,mf − k)-graph, wherem and k are integers with
1 ≤ k < m. Define
p(x) = max{g(x), dG(x)− (m− 1)f (x)+ (k− 1)}, (2.1)
and
q(x) = min{f (x), dG(x)− (m− 1)g(x)− (k− 1)}. (2.2)
Lemma 3 ([11]). For every x ∈ V ,
g(x) ≤ p(x) < q(x) ≤ f (x).
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Let
∆1(x) = 1mdG(x)− p(x), ∆2(x) = q(x)−
1
m
dG(x). (2.3)
Lemma 4. For every x ∈ V and m > k ≥ 1,
(i) ∆1(x) ≥

1− k
m
, if p(x) > g(x) and dG(x) = mf (x)− k;
k
m
, otherwise.
(ii) ∆2(x) ≥

1− k
m
, if q(x) < f (x) and dG(x) = mg(x)+ k;
k
m
, otherwise.
In particular,∆1(x) ≥ 1m and∆2(x) ≥ 1m for every x ∈ V .
Proof. We only prove (i), as the proof of (ii) is similar. If p(x) = g(x), then
∆1(x) = 1mdG(x)− p(x)
≥ 1
m
(mg(x)+ k)− g(x)
= k
m
.
Otherwise, by the definition of p(x), we have that
p(x) = dG(x)− (m− 1)f (x)+ (k− 1).
If dG(x) ≤ mf (x)− k− 1, then
∆1(x) = 1mdG(x)− (dG(x)− (m− 1)f (x)+ (k− 1))
≥ 1−m
m
(mf (x)− k− 1)+ (m− 1)f (x)− (k− 1)
= 2− k+ 1
m
>
k
m
.
Otherwise, dG(x) = mf (x)− k. So,
∆1(x) = 1mdG(x)− (dG(x)− (m− 1)f (x)+ (k− 1))
= 1−m
m
(mf (x)− k)+ (m− 1)f (x)− (k− 1)
= 1− k
m
. 
Lemma 5 ([8]). For any two disjoint subsets S and T ,
δG(S, T ; p, q) = ∆1(T )+∆2(S)+ m− 1m dG−S(T )+
1
m
dG−T (S)
≥ |T |
m
+ |S|
m
+ m− 1
m
dG−S(T )+ 1mdG−T (S).
Remark 6. Lemma 5 is still true when p(x) = g(x) and q(x) = f (x).
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3. Main result
In this section, we present the main result of this paper, which is the following.
Theorem 7. Let G be an (mg + k,mf − k)-graph, and let H1, . . . ,Hn be vertex-disjoint subgraphs of G
with k edges, where 1 ≤ k < m and f (x) ≥ g(x) ≥ n for every x ∈ V . Then there exists a subgraph R of
G such that R has a (g, f )-factorization orthogonal to every Hi, i = 1, . . . , n.
Note that G being an (mg + k,mf − k)-graph implies that mf − k ≥ mg + k. Hence, f (x) > g(x)
holds for every x ∈ V . Note also that, without loss of generality, we may assume that none of the
graphs Hi have an isolated vertex.
We now turn to deal with the case k = 1, which is exactly the following lemma.
Lemma 8. Let G be an (mg+1,mf −1)-graph. Let H1, . . . ,Hn be independent edges of G, where m ≥ 1
and f (x) ≥ g(x) ≥ n for every x ∈ V . Then there exists a (g, f )-factor of G containing {H1, . . . ,Hn}.
Proof. Lemma 8 is trivially true when m = 1. Hence, we may assume that m ≥ 2. Let E1 =
{H1, . . . ,Hn} and E2 = ∅. By the definition of α and β , we have that
β = 0 and α ≤ min{|S|, 2n}.
By Lemma 2, it suffices to show that δG(S, T ; g, f ) ≥ α for any two disjoint subsets S and T of V .
Obviously, we may assume that S 6= ∅. If T = ∅, then
δG(S, T ; g, f ) = f (S)
≥ |S| ≥ α.
Hence, we may assume that S 6= ∅ and T 6= ∅ in the following. Take s ∈ S and t ∈ T . Note that
|S| ≥ dS(t) = dS(t)+ dG−S(t)− dG−S(t)
≥ dG(t)− dG−S(T )
≥ mg(t)+ 1− dG−S(T )
≥ mn+ 1− dG−S(T ).
By Lemma 5, we have that
δG(S, T ; g, f ) ≥ |T |m +
|S|
m
+ m− 1
m
dG−S(T )+ 1mdG−T (S)
= |T | + dG−T (S)
m
+ |S|
m
+ m− 1
m
dG−S(T )
≥ dG(s)
m
+ mn+ 1− dG−S(T )
m
+ m− 1
m
dG−S(T ).
Note that dG(s) ≥ mg(s)+ 1 ≥ mn+ 1. Thus, we have that
δG(S, T ; g, f ) ≥ mn+ 1m +
mn+ 1− dG−S(T )
m
+ m− 1
m
dG−S(T )
= 2mn+ 2
m
+ m− 2
m
dG−S(T )
> 2n ≥ α. 
Proof of Theorem 7. We proceed by induction onm and k. According to Lemma 8, the theorem holds
for k = 1. Hence, we may assume that k ≥ 2 in the following. For the inductive step, we assume that
the theorem is true for any (m′g+k′,m′f −k′)-graph Gwithm′ < m, k′ < k and 1 ≤ k′ < m′, and any
vertex-disjoint subgraphs H ′1, . . . ,H ′n of Gwith k′ edges. We now consider an (mg+ k,mf − k)-graph
G and any vertex-disjoint subgraphs H1, . . . ,Hn of G with k edges, where n ≤ g(x) ≤ f (x) for every
x ∈ V .
Define p(x), q(x),∆1(x) and∆2(x) as the same as in (2.1), (2.2) and (2.3), respectively.
1710 C. Wang / European Journal of Combinatorics 31 (2010) 1706–1713
For i = 1, 2, . . . , n, we set
Ai1 = {xy ∈ E(Hi) : p(x) ≥ g(x)+ 1, p(y) ≥ g(y)+ 1};
Ai2 = {xy ∈ E(Hi) : p(x) ≥ g(x)+ 1 or p(y) ≥ g(y)+ 1};
Ai =
{Ai1, Ai1 6= ∅,
Ai2, Ai1 = ∅ and Ai2 6= ∅,
E(Hi), otherwise.
Choose uivi ∈ Ai for i = 1, 2, . . . , n. Let E1 = ⋃ni=1{uivi}, E2 = ⋃ni=1 E(Hi)− E1. Hence, |E1| = n and|E2| = (k − 1)n. For two disjoint subsets S and T of vertices, we define E ′1, E ′′1 , E ′2, E ′′2 , α, β and ∆ as
before. By the definition of α and β , we have
α ≤ min{2n, |S|} and β ≤ min{(k− 1)|T |, 2(k− 1)n}. (3.1)
The remaining part of the proof is dedicated to proving that G has a (p, q)-factor Fk (which is also
a (g, f )-factor) such that E1 ⊆ E(Fk) and E2 ∩ E(Fk) = ∅. By Lemma 2, it suffices to prove that
δG(S, T ; p, q) ≥ α + β .
If S = ∅, then α = 0. By Lemma 5, we have
δG(S, T ; p, q) ≥ |T |m +
m− 1
m
dG(T )
≥ |T |
m
+ m− 1
m
(mg(T )+ k|T |)
≥ (m− 1)|T |
≥ β = α + β.
If T = ∅, then β = 0. By Lemma 5, we have
δG(S, T ; p, q) ≥ |S|m +
1
m
dG(S)
≥ |S|
m
+ 1
m
(mg(S)+ k|S|)
≥ |S|
≥ α = α + β.
Hence, we may assume that S 6= ∅ and T 6= ∅ in the following. Define
S0 = {x ∈ S : q(x) = f (x) or dG(x) > mg(x)+ k}
and
T0 = {x ∈ T : p(x) = g(x) or dG(x) < mf (x)− k}.
Furthermore, we set
S ′0 = {x ∈ S0 : p(x) ≥ g(x)+ 1}, S ′1 = S \ S ′0,
and
T ′0 = {x ∈ T0 : p(x) = g(x)}, T ′1 = T \ T ′0.
Obviously, p(x) = g(x) for every x ∈ S ′1 ∪ T ′0, and p(x) ≥ g(x)+ 1 for every x ∈ S ′0 ∪ T ′1.
If we set r = |V (E1) ∩ T ′1|, then we have
|V (E1) ∩ (S ′0 ∪ T ′1)| ≤ |S ′0| + r. (3.2)
Let uivi ∈ E1 ∩ E(Hi), where ui, vi ∈ S ∪ T . By the choice of E1, we have that:
(a) If {ui, vi} ∩ (S ′0 ∪ T ′1) = ∅, then V (Hi) ∩ T ′1 = ∅.
(b) If
∣∣{ui, vi} ∩ (S ′0 ∪ T ′1)∣∣ = 1, then |{x, y} ∩ T ′1| ≤ 1 for every xy ∈ E(Hi).
(c) If |{ui, vi} ∩ (S ′0 ∪ T ′1)| = 2, then |{x, y} ∩ T ′1| ≤ 2 for every xy ∈ E(Hi).
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Let r ′ = |V (E1) ∩ U|, where U = V \ (S ∪ T ). From the definition of β(S, T ), (3.2), (a), (b) and (c),
we have that
β(S, T ′1) ≤ |V (E1) ∩ (S ′0 ∪ T ′1)|(k− 1)+ r ′(k− 1)
≤ (|S ′0| + r + r ′)(k− 1).
Hence, we have that
β(S, T ) = β(S, T ′0)+ β(S, T ′1)
≤ |T ′0|(k− 1)+ (|S ′0| + r + r ′)(k− 1)
= (|S ′0| + |T ′0| + r + r ′)(k− 1), (3.3)
and
α(S, T ) ≤ 2n− r − r ′. (3.4)
By Lemmas 3–5, we have that
δG(S, T ; p, q) = ∆1(T )+∆2(S)+ m− 1m dG−S(T )+
1
m
dG−T (S)
≥ |T
′
1| + k|T ′0|
m
+ |S
′
1| + k|S ′0|
m
+ m− 1
m
dG−S(T )+ 1mdG−T (S)
= |T | + (k− 1)|T
′
0|
m
+ |S| + (k− 1)|S
′
0|
m
+ m− 1
m
dG−S(T )+ 1mdG−T (S)
= (k− 1)(|S
′
0| + |T ′0|)
m
+ |S| + dG−S(T )
m
+ |T | + dG−T (S)
m
+ m− 2
m
dG−S(T ).
(3.5)
Observe that |S| + dG−S(T ) ≥ dG(t∗)+ β − (k− 1) and |T | + dG−T (S) ≥ dG(s∗)+ α − 1 for some
s∗ ∈ S and t∗ ∈ T . Hence, by (3.3)–(3.5), we get
δG(S, T ; p, q) ≥ (k− 1)(|S
′
0| + |T ′0|)
m
+ dG(t
∗)+ β − (k− 1)
m
+ dG(s
∗)+ α − 1
m
+ m− 2
m
dG−S(T )
≥ (k− 1)(|S
′
0| + |T ′0|)
m
+ mg(t
∗)+ k+ β − (k− 1)
m
+ mg(s
∗)+ k+ α − 1
m
+ m− 2
m
β
≥ (k− 1)(|S
′
0| + |T ′0|)
m
+ mn+ β + 1
m
+ mn+ k+ α − 1
m
+ m− 2
m
β
= (k− 1)(|S
′
0| + |T ′0|)
m
+ 2mn+ k+ α + (m− 1)β
m
≥ (k− 1)(|S
′
0| + |T ′0|)
m
+ m(α + r + r
′)+ k+ α + (m− 1)β
m
≥ (k− 1)(|S
′
0| + |T ′0| + r + r ′)
m
+ (m+ 1)α + (m− 1)β + k
m
+ (m− k+ 1)(r + r
′)
m
>
β
m
+ (m+ 1)α + (m− 1)β
m
≥ α + β.
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Thus, we have shown that δG(S, T ) ≥ ∆(S, T ; E1, E2), and so G has a (p, q)-factor Fk such that
E1 ⊆ E(Fk) and E2 ∩ E(Fk) = ∅. Observe that, by (2.1) and (2.2),
dG−Fk(x) = dG(x)− dFk(x)
≥ dG(x)− q(x)
≥ (m− 1)g(x)+ (k− 1),
and
dG−Fk(x) = dG(x)− dFk(x)
≤ dG(x)− p(x)
≤ (m− 1)f (x)− (k− 1).
Hence, the graph G′ = G − Fk is an ((m − 1)g + (k − 1), (m − 1)f − (k − 1))-graph. Let
H ′i = Hi − uivi, i = 1, . . . , n. Clearly, H ′1, . . . ,H ′n are vertex-disjoint subgraphs of G′ with |E(H ′i )| =
k − 1, i = 1, . . . , n. By the induction hypothesis, there exists a subgraph R′ of G′ such that R′ has
a (g, f )-factorization orthogonal to every H ′i , i = 1, . . . , n. Let R be the subgraph of G induced by
E(R′) ∪ E(Fk). Hence, R is a subgraph of G such that R has a (g, f )-factorization orthogonal to every Hi
(i = 1, 2, . . . , n). 
We now conclude our paper with a few remarks.
Remark 9. We conjecture that the condition g(x) ≥ n in Theorem 7 can be improved. For instance, it
is not hard to see that g(x) ≥ nmay be replaced with dG(x) ≥ (m− 1)n− k2 in Theorem 7. So we are
ready to formulate the following:
Conjecture 10. Let G be an (mg + k,mf − k)-graph, and let H1, . . . ,Hn be vertex-disjoint subgraphs of
G with k edges, where 1 ≤ k < m and f (x) ≥ g(x) ≥ n− 1 for every x ∈ V . Then there exists a subgraph
R of G such that R has a (g, f )-factorization orthogonal to every Hi, i = 1, . . . , n.
The above conjecture is true when n = 1; see [11]. The following remark shows that there exists a
polynomial-time algorithm that, given a graph satisfying the conditions of Theorem 7, determines a
subgraph Rwhich has a factorization orthogonal to every Hi.
Remark 11. Anstee [2] gave apolynomial-time algorithmwhich can either find a (g, f )-factor or show
that one does not exist in O(|V |3). Hell and Kirkpatrick [6] gave a polynomial-time algorithm for the
general (g, f )-factor problems. Heinrich, Hell and Kirkpatrick [5] provided with a very simple (g, f )-
factor algorithm with time complexity O(g(V )|E|) when g(x) 6= f (x) for every x ∈ V . Obviously, we
can find p(x), q(x) and E1 in O(|V |). Let G1 = G− E2. Set p1(x) = p(x)− 1 and q1(x) = q(x)− 1 when
x = ui, vi, 1 ≤ i ≤ n. Otherwise, p1(x) = p(x) and q1(x) = q(x). Then we can find a (p1, q1)-factor
F by the algorithms in [2,6]. Let F1 be the subgraph induced by E(F) ∪ E1. It is easy to see that F1 is a
(g, f )-factor in G containing E1 and excluding E2. Repeating the above procedure k − 1 more times,
we can find a subgraph R =⋃ki=1 Fi orthogonal to H1,H2, . . .Hn in G.
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